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Abstract. In this paper. Lie bialgebra structures on the extended Schrodinger-Virasoro Lie algebra 
L are classified. It is obtained that all the Lie bialgebra structures on L are triangular coboundary. 
As a by-product, it is derived that the first cohomology group H^{C,C ® C) is trivial. 
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The Schrodinger-Virasoro Lie algebras [6] were introduced in the context of non-equilibrium 
\ statistical physics during the process of investigating the free Schrodinger equations. They are 
(-H \ closely related to the Schrodinger algebra and the Virasoro algebra, both of which play important 
' roles in many areas of mathematics and physics (e.g., statistical physics, integrable system) and 
have been investigated in a series of papers [7-10, 13, 18, 21, 25]. In order to investigate vertex 
representations of the Schrodinger-Virasoro Lie algebra, J. Unterberger introducted (see Definition 
: 1.5 in [22]) a class of infinite-dimensional Lie algebras called the extended Schrodinger-Virasoro 
. Lie algebra >C, which can be viewed as an extension of the Schrodinger-Virasoro Lie algebra by a 
\^ conformal current of weight 1 and generated by {Ln, Mn, Nn,Yp | n G Z, p e Z + 1/2} with the 
. ■ following Lie brackets: 

o 

O ! i^rn, Ln] = (n - m)Ln+m, [Lm, A„] = uNm+n, [Lm, Af„ ] = uMn+m, 

[Ln,Yp] = {p-n/2)Yp+n, [N„„Yp] = Ym+p, [A^, M„] = 2M^+„, (1.1) 
[M„, ] = [A„, A„] = 0, [M„, Mn] = 0, [ Yp, Yq] = {q- p)Mp+q. 

X 

d [ Note that C is centerless and finitely generated with a generating set {L_2, -L-i, -Li, -^2, Ai, Yi/2}- 
Moreover, it is -graded by 

c= e^n/2 = (e^n)e(e/:„+i/2), 

nGZ neZ neZ 

where Cn = span{Ln, Mn, Nn} and Cn+1/2 = span{Yn-i-i/2}, for all n € Z. The derivations, central 
extensions and automorphisms of C have been studied in [5]. 

To search for the solutions of the Yang-Baxter quantum equation, Drinfel'd [1] introduced the 
notion of Lie bialgebras in 1983. Since then, a number of people have studied further Lie bialgebra 
structures (e.g., [3, 11, 12, 14-16). Witt type Lie bialgebras introduced in [20] were classified in [17]. 
This work has been generalized in [19, 23]. Lie bialgebra structures on generalized Virasoro-like and 
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Block Lie algebras were investigated in [11, 24]. Drinfel'd [2] posed the problem that whether or not 
there exists a general way to quantilize all Lie bialgebras. Etingof and Kazhdan [3] gave a positive 
answer to this problem, but there does not exist an uniform method to realize quantilizations of all 
Lie bialgebras. Actually, investigating Lie bialgebras and quantilizations is a complicated problem. 
The authors in [8] prove that not all Lie bialgcbra structures on the Schrodinger-Virasoro Lie 
algebra are triangular coboundary. For the extended Schrodinger-Virasoro Lie algebra £, this is 
not the case. Namely, we obtain that all Lie bialgebra structures on L are triangular coboundary. 
In particular, we derive that the first cohomology group H^{C,C ® C) is trivial. 

§2. Preliminaries 

Throughout the paper, F denotes a filed with characteristic zero. All vector spaces and tensor 
products arc over F. Let (resp. Z>o) be the set of all nonnegative (resp. positive) integers and 

Z* be the set of all nonzero elements of Z. 

Let L be a vector space, ^ the cyclic map of L ^ L L, namely, ^{xi (X" X2 <SD X3) = X2 <^ Xs ^ xi 

for xi,X2,X3 € L, and r the twist map of L ® L, i.e., r(x ® y) = y ® x ioi x,y ^ L. A Lie algebra 

is a pair (L, 5), where 5 : L® L ^ L is & bilinear map with the conditions: 

Ker(Id - r) C Ker (5, (5 • ( Id ® (5) • (Id + ^ + C^) = : L ® L ® L ^ L, 

where Id is the identity map. Dually, a Lie coalgebra is a pair (L, A) with a linear map A : L — >■ L0L 
satisfying: 

ImA C Im(Id-r), {Id + ^ + ■ {Id ^ A) ■ A = : L ^ L ^ L ® L. (2.1) 

A Lie bialgebra is a triple (L, 6, A) such that (L, 6) is a Lie algebra, (L, A) is a Lie coalgebra, and 
the following compatible condition holds: 

A5{x®y) = X ■ Ay -y ■ Ax, ^ x,y e L. (2.2) 

where "•" means the diagonal adjoint action, i.e., x ■ (X^jOj (8> h) = ^i{[x,ai] (X" 6^ + (8" [x,bi]), 
and in general, 6{x (X y) = [x, y], for all x, y, ai,bi € L. 

Denote by U the universal enveloping algebra of L and 1 the identity element of U. For any 
r = Yli<^i®h^L®L, define c{r) eU®U®Uhy 

where r^^ = Oj (X 5i (X 1, r^^ = (X 1 ® 5i, r^"^ = 1® ai^bi. Obviously, 

= Yl\P'i^ bj + Y^Ui (g) [hi, Qj] (g) bj + <S> aj (g) [bi, bj]. 

i,j i,j i,j 

Definition 2.1 (1) A coboundary Lie bialgebra {L, S, A, r) is a Lie bialgebra such that the cobracket 
A is an inner derivation, i.e., there exists an element r G L (g L such that 

A{x) = x-r for ah a; G L. (2.3) 
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A is called a coboundary of r, denoted by A,.. 

(2) A coboundary Lie bialgebra (L, 6, A, r) is called triangular ii it satisfies the following classical 
Yang-Baxter Equation (CYBE) : 

c(r) = 0. (2.4) 

(3) An element r G Im( Id — r) C L (?) L is said to satisfy the modified Yang-Baxter equation 
(MYBE) if 

X ■ c(r) = 0, V X G L. (2.5) 

The following famous results are due to Drinfel'd [2] , Michaelis [14] and Taft [20] , respectively. 
We combine them into one theorem as follows: 

Theorem 2.2 (i) For a Lie algebra (L, [•,•]) andr G Im(Id — r) dL^L, the triple (L, [•,•], A^) 
is a Lie bialgebra if and only if r satisfies MYBE. 

(ii) Let L be a Lie algebra containing two linear independent elements a, b satisfying [a, b] = kb 
for some nonzero k and set r = o (g) 6 — 6 (g) a. Then r is a solution of CYBE and equips 
L with a structure of triangular coboundary Lie bialgebra. 

(iii) Let L be a Lie algebra and r G Im(Id — r) C L (g) L. Then for any x E L, 

(M + ^ + f) ■ {l + Ar)-Ar{x)=x-c{r). 

§3. Structures of Lie bialgebra of the extended Schrodinger-Virasoro Lie algebra 

Regard V = £ (g) £ as a £-module under the adjoint diagonal action. A linear map D : £ — )■ V 
is called a derivation if 

D{[x, y]) = X ■ D{y) — y ■ D{x) for all x, y G £. (3-1) 

If there exists some v &V such that D{x) = x ■ v, then D is called an inner derivation. Denote 
by Vinn the inner derivation determined by v. Let Der(£,V) (resp. Inn(£, V)) be the set of all 
derivations (resp. inner derivations). Then it is well known that H^iC,V) = Der(£, V)/Inn(£, V), 
where H^{C,V) is the first cohomology group of the Lie algebra £ with coefficients in V. 

A derivation D G Der(£, V) is homogeneous of degree a G if D{£p) C Va+p for all p G ^Z. 
Let Der(£, V)a be the set of all the homogeneous derivations of degree a. For any D G Der(£, V) 
and a G ^Z, define a linear map Da : £ ^ V as follows: for any jj, E Cq with q G ^Z, write 
-^(a*) — Ylpe^zf^p with fj,p G Vp, then we set Dai^n) = fJ-g+a- Obviously, G Der(£, V)a and we 
have 

D = Eae^zDa, (3.2) 

which holds in the sense that only finitely many Da{u) ^ and D{u) = ^o,gi2-^a(^) fo^ ^'^Y 
u & C Actually, for any D £ Der(£, V), (3.2) is a finite sum, referring to [8] for details. 
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Lemma 3.1 ii"^(£o, V^/a) = for all n G Z*. 

Proof. For any D G Der{C,V), we have D = J2ne:Z^n/2- Suppose n / 0, then the restriction of 
-D„/2 to £o induces a derivation from Cq to the £o-iiiodule V„/2- That is, -0^/2 1 £0 ^ Der(£o) V„/2)- 
Conveniently, we denote Dn/2\C() by ^n/2- Let r = ^Z?„/2(^o) ^ "^'n/2- For any € Cqi one has 
f A,./2(^o) = Lo ■ D,,/2{Xo) = Xo ■ D„/2(^o), since [Lo,Xo] = 0. It follows D^/^iXo) = Xo ■ r, 
which implies -D^/2 is inner. □ 

Lemma 3.2 Hom£o(Vin/2, Vn/2) = for all m 7^ n. 

Proof. Let / G Hom£o(Vm/2, Vn/2) = with m n. One has /([Xq, -B^/s]) = [Xq, /(-E;„/2)] for 
any Xq G £0 and G Vm/2- In particular, f{[Lo,E^/2]) = [Lq, f{E^/2)]. That is, ^f{E^/2) = 
%f{Em/2)- It follows /(-E'to/2) = 0, since m^n. Consequently, / = 0. □ 
Taking these two Lemmas above into account, we can immediately derive the following result 
from Proposition 1.2 in [4]. 

Proposition 3.3 Der(/:, V) = Dero(>C, V) + Inn(/:, V). 

Lemma 3.4 Let = £ ® • • • (g) £ be the tensor product of n copies of £, and regard £®" as an 
>C-module under the adjoint diagonal action. Suppose r G >C®" satisfying a; • r = 0, V x G £. Then 
r = 0. 

Proof. It is easy to see that >C®" is ^Z- graded by 

P1+P2H |-Pn=P ^ 

Write r = J2pe^2, """p ^ ^ finite sum with rp G £p By hypothesis, Lq • r = 0, which implies r = tq. 
So r = Yli (^i,r2,-rn^ri ^E^^ (8) • • • E^^ for some cVi,r2,---r„ £ 'P' and ^^r, £ with rj G ^Z. 

r-i_+r2^ l-rn=0 

Since Mq ■ r = by the assumption, all the coefficients of the terms containing Nj for j G Z are 
zero, hence these terms in the sum vanish. Similarly, by iVo ■ r = 0, one can kill the coefficients of 
the terms containing Mj and ^+1/2 with j G Z. Now we can rewrite r by 

r= cvi,r2,-r„-^ri <8) • • • L^^ for some cVi,r2,-r-„ e 

'■i+»'2H l-r„=0 

But Ml • r = forces all the coefficients Cr■^,r2,■■■rn are zero. This proves the lemma. □ 
Theorem 3.5 Der(£, V) = Inn(£, V). 

Proof. It suffices to show Dero(£, V) C Inn(>C,V) by virtue of Proposition 3.3. For any 7^ D G 
Dero(£, V), we shall prove that the zero derivation is obtained after a number of steps in each of 
which D is replaced by D — uinn for some u G Vo- This will be done by a little bit complicated 
calculations. For clarity, we divide them into three claims. 
Claim 1. D{Lo) = 0. 
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In fact, for any Xp E C with p E ^Z, applying D to [Lq, Xp] = pXp, one has Xp ■ D{Lq) = 0. 
Then it follows from Lemma 3.4 that D{Lq) = 0. 
Claim 2. i:>(L±i) = 0. 

For any n G Z, one can write D{Ln), D{Mn), D{Nn) and -D(^^n-i/2) as follows: 
D{Ln) = E {a'i'^Li(^Ln-i+4'^iLi(^Mn-i+a''3^Mi(^Ln-i+a'l^Li(^ 

+a^Mi (g) Mn-i + (g) iV„_i + 4"^iVi Mn-i + 4"^ iV^ Nn-i + aSo!i^i- 1 /2 «>>"«-i+i/2) , 

-Hl^^^Mi^Mr^-i + d^^^Mi^Nn-i + d^i^^Ni^Mn-i + d^^l^ 

Note that all the sums are finite. For any n G Z, one can easily get the following identities by (1.1): 



Li 
Li 

Li 
Li 
Li 
Li 
Li 



{Nn ® M_„) = nNn+1 M_„ - nA/"n Mi_„, 
(M„ (8> M_„) = nMn+i (8> M_„ - nM„ Mi_„, 

(L„ (g) N_n) = {n- l)L„+i (g) A^_„ - nLn (g iVi-™, 

(Af„ (g L_„) = niV„+i (g L_„ - (1 + n)iV„ (g 

(L„ (g M_„) = (n - l)L„+i (g M_„ - nL„ (g Mi_„, 

(M„ (g L_„) = nMn+i (gi L_„ - (1 + n)A4 (g Li_„, 

(L„ (g) = (n - l)L„+i g) L_n - (1 + "-j-^n <^ -^l-n, 

(i^n-1/2 ® i^l/2-n) = (r^ - l)^n+l/2 >"l/2-n " '^>^n-l/2 ® ^3/2-n- 



Let = max{|p| | a[p ^ 0} for i = 1,- • • , 10. Applying D — -Uinn to Li, where n is a proper linear 
combination of Lp (g) L_p, Lp (gi M_p, Mp (g L_p, Mp (g M_p, Lp (g) A^-p, A'p (g) L_p, Afp (g A^-p, 
Ap (g) M_p, Ap (g) AT.p and 5^-i/2 ^i/2-p with p G Z, and using induction on Ei^^iQi' ™6 ^^^^ 
safely suppose 



a 



(1) _ _ .(1) _ .(1) 



,(1) 



hi 



'''2,fe ~ "4,fe 



no.fe 



,(1) 



0, for -1,2, jV0,1, 
= 0, for A;/ 0,2, n / ±1. 



(3.3) 
(3.4) 
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Applying D to = —2Lq and using D{Lq) = 0, we have 

E {{{P - 2)aS7;i - (p + 2)ai7;) + " " + 



+ 


[{p 


+ 


{{p 


+ 


{{p 


+ 


Hp 


+ 


Hp 


+ 


Hp 


+ 


Hp 


+ 


Hp 


+ 


Hp 



,(-1) 



.(-1) 



{p-2)a[jl,-ip+l)aij^ + {p-l) 



(-1) 



(P - ^)%,p 



-1 



6,p-l 
^8,p-l 



,(-1) 





1)4" - 


ip + 2)a 




2)4" - 


{p+l)a 




1)4" - 


(p + 2)a 


+ {p- 


2)4" - 


{p+l)a 


+ {p- 


i)4'i - 


{p+l)a 


+ {p- 


1)4^ 


{p+l)a 


+ {p- 


l)4;^ 


{p+l)a 


+ ip- 


l)4;^ 


ip + l)a 



(1) 



(1) 

4, p- 

(1) 

5. p- 

(1) 



(1) 
8,p- 

(1) 



M_ 



In particular, one has 
,(-1) 



ip - 2)ai,;^i -{p + 2)aS,;) + (jp - 2)al^ - {p + 2)a\\^^, = 0, V p G Z, 



(1) 



which together with the fact that {p € Z \ a[p^'' 7^ 0} is finite and (3.3), forces 



3a[ }l + a[ }l + 3ai'ii = a\ + Sa\ + Sa\ 



(-1) 



,(-1) 



n,-i 



+ a 



(-1) 
1,0 



0, 



(3.5) 



for p £ Z\{— 2, 0, ±1}. Similarly, comparing the coefficients of Lp (8) M_p, Mp ® L^p ,Lp ® -/V_p, 
Np (g) L_p, Mp M_p, Mp (g) N_p, Np (g) M_p, iVp (g) iV_p and yp_i/2 ® and taking (3.3) and 

(3.4) into account, one has 



^2,0 

M,0 



(-1) 



^2,0 



,(-1) 



+ 2a2 { — ai-i + 203 



,(-1) 



1 + 24; 



(-1) 



(-1) 



+ 2<i 



M,0 



^4.0 



a 



(-1) ^.(-1) ^.(1) ^.W 



-1 



+ a, 



,0 



2,p 



+ «1,0 + 
,(1) - .(1) 



(-1) 
'5,-1 

,(-1). 



2a 



(-1) 
5,0 



,(-1) 



^"10,-1 ^"10,0 ^^"10,0 



,(-1) 



i + 2a 
,(-1) 



0, 

(-1) 
5,-2 



"10 



0, 

(1) - 



^ ^"10,1 ^^"10,2 ~ 



4,p 



5,p 



,(-1) _ _ _ .(-1) _ .(-1) _ .(-1) 



''3,P3 



^4,P4 



^5,P5 



''10,pio 



0, 



(3.6) 
(3.7) 
(3.8) 
(3.9) 



for any p e Z, p2 e Z\{0,±1}, ps G Z\{0,-l,-2}, p^ G Z\{0,±1}, P5 G Z\{0,-l,-2}, 
Pi G Z\{-1, 0} with i = 6, 7, 8, 9 and pio G Z\{0, ±1}. 

By (3.3) and (3.4) as well as applying D to [Li, Nq] = and [Li, Mq] = 0, respectively, we have 



b' 



,(0) 



,(0) 



'■7,n - 
5,(0) . 



''8,n - 

''3,^3 " 



^(0) _ 



^(0) . 



0, for all rx G Z, 



"lO,p 
1,(0) _ 



0, 



"1,0 ^"1,-1 — "1,0 ^ ^"1,1 ~ '*Z,0 ^ "i,! ~ "'fc,0 ^ "fc,-! 



0, 



6g + 26- , = 6- + 26- = 6- + 6- = 6- + bl_. 



do) 



(,(0) 



l(0) _ , (0) ^ , (0) _ , (0) 



do) 



0, 



(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 



where ji G Z\{0,±1}, e Z\{0,1}, h G Z\{0,-1}, u e Z\{0,1}, is e ^\{0. -l}, j G Z\{0}, 
p G Z\{0, 1}, i = 6, 7, 8, 9,1 = 2, 4, 10 and A; = 3, 5. Then it follows from (3.3), (3.9) and (3.10) 
that 

^(^i) = Ei&zi^ijLi ® Li_i) = ai;iiL_i ®L2 + a^Ls ® (3.15) 

Furthermore, applying D to [Li, = 0) we get D{Li) = from (3.15). Similarly, applying D to 
[L_i,iVo] = and [L_i,Mo] = 0, respectively, we obtain from (3.6)-(3.9) and (3.11)-(3.14) that 

(-1) _ (-1) _ (-1) _ (-1) _ (-1) _ , (0) _ , (0) _ ,(0) _ ,(0) _ , . 

%i — ^7,i — ^8,i — — ^10,i — %i — %i — "4,j — "5,i — ^' [6.L0) 

"2,1 <^2,0 — "3,-1 <^3,-l — "2,1 + ^^^4,0 — "3,-1 + "^5,0 — ^' \'^-^<) 

for all ? G Z. Set u := Li® M_i — Lq Mq. Observe that Li-u = 0. Substitute D + 03 j^^^Ujnn into 
the expression of D{L-i), one can safely assume a^2~i^ — 0' since such replacement would not affect 

the expression of D{Li). Similarly, set u/^) := M_i (g) Li - Mq ® Lq, n^^) := Li (g) iV_i - Lq "X) iVo, 

n I 

(3) 



and m(^) := iV_i (g) Li - iVo -^0, then replace I? by D + a^ Q 'ulJ^, D + 'ul^^ and £> + a, 
in turn, one can assume q^'* = 04 1^'* = ^5 q^'* = 0- Hence we get 

D{L_i) = oS"_^^L_2 (g) Li + ai"ijL_i g) Lq + o^'o^^Lq ® L_i + a5"/^L_i ig) L2, 

by (3.5)-(3.7). Finally, using D([L_i, y.^/s]) = and (3.5), one has D{L_i) = 0. 
Claim 3. D{L±2) = D{Ni) = D{Yi/2) = 0. 
It follows (3.14) and (3.16) that 

D{Mo) = 6S°-i^-i ®Li + bf^Lo (g) Lo + bf^Li ® L_i + bf^Mo ®Mo + b^^^Mo (g) Nq 

+6^>o ^ Mo + 6^5^o ^ iVo + 6S!o^-i/2 ® ^1/2 + ® ^-1/2, 

r>(Aro) = 4°liL_i ® Li + <^ ^0 + ^-1 + 4*5^0 ® Mo + cZ?JJMo ® iVo 

+45^0 ^ Mo + 5^JiVo ® iVo + 4olo^-i/2 ® ^1/2 + 4o!i^i/2 ® ^-1/2- 



5,0 ^inn 



(3.18) 



(3.19) 



Set ?;(^) := Mo(g)Mo, := Mq^ATq, v^^) := ATq^Mo andv^^) := yi/2<8'>^-i/2-^-i/2«'^i/2- Observe 
that L±i • = 0, but Nq ■ v^^ ^ for i = 1, 2, 3, 4. Replacing D hy D - Idflv^H, D - ^d^r},vl^^, 
D-hdsMnn and D - ^dffj^Qv'l^^ in turn in (3.19), one can assume that 45 = = 4!o = ^io,o = 0- 
By applying D to [Nq, Ni] = and using (3.13), we have d^^l^^ = 4°i = = c^io,i = 0. Then it 
follows from L>([iVo,Mo]) = 2r>(Mo) and (3.18)-(3.19)that D{No) = and 

D{Mo) = bflUo ®Nq + bflNo ® Mo + 6^0^-1/2 ® ^1/2 + 4o!i^i/2 ® ^-1/2 • (3-20) 
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Now considering D{[L±2, Mo]) = and D{[L±2,No]) = 0, one has 

DiL2) = Zia?}Li(S)L2-i, and D{L_2) = ZA^i"^ ^ L_2-i. (3.21) 

As a by-product, we also get 6^q-'q = 6^°^-^ = 0. Replacing D by D + ^bfl{No (g) NQ)inn in (3.20), 
one can assume h^^\ = 0. Now we get from (3.20) that 

D{Mo) = b'flMo®No. (3.22) 

Applying D to [Li,L_2] = — 3L_i and [L_i,L2] = 3Li, respectively, and using D{L±i) = 0, 
we have 

(2) (-2) o (2) , Q (2) (2) , . (2) (2) , (2) (2) , . (2) „ ,„ „„x 

2at-1 + ^ = «to'^ + = 47-1 + 47-2 = «i7-2 + 4aS7-1 = 0, (3.24) 

where p G Z\{0, ±1, 2, 3} and g G Z\{-3, -2, 0, ±1}. Set v := L_i (g) Li - 2Lq ®Lo + Li® L_i and 

I (2\ (2\ 

take — -^(ly lyVinn in place of D in the first equation of (3.21), one can assume q = 0. Then it 
follows (3.21) and (3.23) that D{L2) = 0. Consequently, one can easily get £)(L_2) = by applying 
D to [L_2,-^^2] = 4Lo and using (3.24). 

Applying D to [Mo,yi/2] = and [Mo,y_i/2] = 0, respectively, one has 

lii = 7(5,i = 70 J = 70 J = 0, V z G Z, j G Z\{0}. (3.25) 

Similarly, when D is applied to [iVo, Y1/2] = 5:^1/2 ^^nd [A^O)5:^-i/2] = ^-i/2) respectively, it follows 

= l^li = f3o,i = f^li = 0, for aU i G Z. 

Using D{[Li,Yi/2]) = 0, D{[L_i,Y_i/2]) = and D{L±i) = 0, we have 

ai,i = al, = al, = ao,j = 0, V i G Z\{0, G Z\{0, -1}, (3.26) 
"1,0 + "1,1 = "0,0 + "0,-1 = "1,0 + 0^1,1 = "0,0 + "0,1 = 0- (3.27) 

Applying D to [Li,Y_i/2] = -Y1/2, one has ao,o = Q;i,i, o^q = al ^ and 70,0 = 7i,o- Let a = 0:0,0, 
6 = aj and c = 70,0 ■ Hence, we can rewrite D(y_j_i/2) as follows: 

DiYi/2) = -aLo Yi/2 + all (g) Y_i/2 + 6^-1/2 (S) Li - bYi/2 <E) Lq + cNq «) Y1/2, (3.28) 
D{Y_y2) = aLo (g) y_i/2 - aL_i (g) yi/2 + 6y'_i/2 (g Lo - ^'^1/2 ® ^-1 + cA^o i^-i/2- (3.29) 

When D is applied to [L2, 5^_i/2] = ~i^3/2 ^-nd [L-2, ^3/2] = |^-i/2) respectively, one has a = b = 
0, since D{L±2) = 0. It follows c = d^j^ = by applying D to [^-1/2, ^1/2] = -^0, which proves 
D{Y^^I2) = D{Mq) = by (3.22), (3.28) and (3.29). 
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Now it is left to calculate -D(A^i). Firstly, using D{[No,Ni]) = and D{No) = 0, we have 

4} = 4} = 4j = 4j = 4} = 41 = 0, y ^ez. (3.30) 

Then applying D to [L_i, A^^i] = Nq and using D{No) = 0, we obtain 

4l. = 4l. = 4l. = 4l. = 4)> + 4} = 4} + ^4} = 4). + 34;!, = 0, 
45 + 24;j = + , = 4!J + ^4i = 4} + 24;) = 4;) + 4;) = 0, 

where h G Z\{0,±1,2}, G Z\{0,±1}, G Z\{0, 1,2}, and {4 G Z\{0,1}. Finally, by applying 
D to [Ni,Y_i/2] = Yi/2 and (3.31) as well as D{Y^i/2) = 0) we get 

which together with (3.30), yields D{Ni) = 0. Hence, the claim is proved, so is the theorem, since 
£ is generated by L±i, L±2, Ni and ^1/2- ^ 

The following lemma is very useful to the main theorem in the paper. 

Lemma 3.6 Suppose v gV such that x ■ v G Im( Id — r) for all x € C. Then v G Im( Id — r). 

Proof. First note that £ • Im( Id — r) C Im( Id — r). We shall show that after several steps in each 
of which V is replaced hy v — u for some u G Im(Id — r), the zero element is obtained, which leads 
us to the result. Write v = J2ne-i''^'^- Obviously, 

V G Im( Id - r) <;=^ G Im( Id - r) , V ra G ^Z. (3.32) 

Then J2ne^z''^'^n = Lq-v £ Im(Id — r). By (3.32), nvn G Im(Id — r). In particular, w„ G Im(Id — r) 
if n 7^ 0. Thus when replacing v hy v — Ylne-z* suppose v = vq E Vq. Write 

V = J2 {aiLi O L_i + biLi O M_i + aMi ® L_i + diMi M_i + eiYi_i/2 Yi/2-i 
iez 

+ fiLi N^i + giNi ® L_i + hiNi ® N^i + N^i + nNi ® M^i). 

Since all the elements of the forms Ei ® F_i — F_i ® Ei and 1^-1/2 ^ ~ ® ^-1/2 ^'^^ 

contained in Im(Id — r), where C {Li, Mi, Ni} for all i £ Z. Replacing v hy v — u, where 

n is a combination of some of these elements, we can assume 

Ci = gi = ri = 0, V i G Z; Oj, di, /tj ^ =^ i > or i = 0; e, 7^ =^ i > 0. (3.33) 

Then v can be rewritten as 

V = Yl {aiLi (g) L_i + diMi ® M_i + hiNi (g> N_i) 

+ Y.{biLi®M_i + fiLi®N_i + kiMi®N_i)+ ^ eiYi_i/2®Yi/2-i. (3.34) 
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Assume 7^ for some p> 0. Choose q > such that q^p. Then Lp^q ® L-p appears in Lq ■ v, 
but (3.33) implies the term L_p (g) Lp+q does not appear in Lq ■ v, which contradicts the fact that 
Lq-v G Im( Id — r). Hence we get = 0, V ? G Z*. Similarly, one can suppose di = hi = 0, V z G Z* 
and Cj = 0, V i G Z. Then (3.34) becomes 

v=Yl {biLi (8) M_i + fiLi (8) N_i + kiMi N^i) + qoLq Lq + (IqMq ®Mq + hoNo No . (3.35) 
By Im( Id — r) C Ker( Id + r) and our hypothesis C ■ v C Im( Id — r), we have 

= (Id + r)Mo • V = -4/io(Mo ^Nq + Nq^ Mq) - 2^fi{Li (g) M_i + M_i L^) - 4^A:i(Mi M_i) . 

Comparing the coefficients, one gets /iq = and fi = ki = (i, V i G Z. Similarly, (Id + t){Nq -v) = 
implies do = and 6^ = for all i G Z; and ( Id + t)(Li ■ v) = leads to oq = 0. Then the lemma 
follows from (3.35). □ 

By now we have enough in hand to classify the Lie bialgebra structures on the extended 
Schrodinger-Virasoro Lie algebra. The following theorem is the central result of the paper. 

Theorem 3.7 Let (£, [•, •]) be the extended Schrodinger-Virasoro Lie algebra. Then each Lie bial- 
gebra structure on C is triangular coboundary. 

Proof. Let (£,[•,-], A) be a Lie bialgebra structure on C. Thanks to Theorem 3.5, there exists 
some r G V such that A = A^. By (2.1), Im(A) C Im(Id — r). Then it follows from Lemma 3.6 
that r G Im(Id — r). But (2.1), Theorem 2.2(iii) and Lemma 3.4 show that c(r) = 0; as a result, 
{£,, [■, •], A) is a triangular coboundary Lie bialgebra by Definition 2.1. □ 
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